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Dimensional regularization applied to nuclear matter with a zero-range interaction
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We apply the dimensional regularization procedure to treat an ultraviolet divergence occurring in
the framework of the nuclear many-body problem. We consider the second–order correction (beyond
the mean–field approximation) to the equation of state of nuclear matter with a zero–range effective
interaction. The unphysical ultraviolet divergence that is generated at second order by the zero
range of the interaction is removed by the regularization technique and the regularized equation of
state (mean–field + second–order contributions) is adjusted to a reference equation of state. The
main practical advantage of this procedure, with respect to a cutoff regularization, is to provide a
unique set of parameters for the adjusted effective interaction. This occurs because the regularized
second–order correction does not contain any cutoff dependence. The encouraging results found in
this work indicate that such an elegant technique to generate regularized effective interactions is
likely to be applied in future to finite nuclei in the framework of beyond mean–field models.
PACS numbers: 21.60.Jz,21.30.-x,21.65.Mn
INTRODUCTION
The mean–field framework in many-body techniques
corresponds to the first–order term of the perturbative
solution of the Dyson equation. In several beyond mean–
field models higher–order contributions of this perturba-
tive expansion are also taken into account to enrich the
theoretical description. Perturbation theories are em-
ployed in many domains of physics and regularization and
renormalization techniques are adopted in cases where
the inclusion in perturbative expansions of higher–order
terms with respect to the leading contribution generates
divergences. This type of divergences are well known for
instance in particle physics in the context of quantum
field theories [1]. In several frameworks of the many–
body physics, such as nuclear and atomic physics, other
types of divergences occur in mean–field–based models
(for example, the Bogoliubov–de Gennes or the Hartree–
Fock–Bogoliubov theories) if a zero–range interaction is
employed in the pairing channel to treat a superfluid
many–fermion system [2–4]. Apart from this specific
case related to the pairing interaction, in the perturba-
tive treatment of the many–body problem an ultraviolet
divergence always appears, if a zero–range interparticle
interaction is used, when higher–order terms are included
beyond the mean-field approximation. This unphysical
divergence has been analyzed in previous works [5, 6].
We apply here a technique that is currently adopted in
the context of quantum field theories, the so–called di-
mensional regularization, for the second–order correction
beyond the mean–field approximation within a specific
case of the nuclear many–body problem. In Ref. [5], we
have considered the equation of state (EoS) of symmetric
nuclear matter with a contact interaction g(ρ) δ(~r1 − ~r2)
where the coupling constant g(ρ) depends on the den-
sity ρ and contains three parameters, t0, t3 and α:
g(ρ) = t0 +
t3
6 ρ
α. This corresponds to the t0 − t3 model
of the nuclear effective Skyrme interaction [7]. In Ref.
[5] we have analyzed in this specific model the nature of
the divergence related to the second–order correction of
the EoS. The divergent term has been calculated analyt-
ically. By deriving its asymptotic expansion, it is possi-
ble to show that it diverges linearly with the momentum
Λ which is introduced as a cutoff regulator. A cutoff
regularization has been applied to absorb the divergence
by means of a fit of parameters in the corrected mean–
field + second–order EoS. The same cutoff technique has
been applied in Ref. [6] to an enriched model where the
velocity–dependent terms have also been included in the
Skyrme interaction. This modifies the character of the
divergent term that is in this case proportional to Λ5.
Not only symmetric, but also asymmetric and pure neu-
tron matter have been considered in Ref. [6] and a fit
of parameters has been performed for each value of the
cutoff as in Ref. [5] .
In this work, we remove the divergent term of the
second–order correction (linear in the cutoff for the t0−t3
model and proportional to Λ5 for the full Skyrme in-
teraction) with the dimensional regularization technique
that is applied here to the second–order EoS of nuclear
matter. We mention that the dimensional regularization
technique has been already applied in the past to dilute
Fermi systems in the context of effective field theories
(see, for instance, Refs. [8, 9]). This regularization tech-
nique is an elegant procedure which has the advantage of
preserving symmetry laws and of including high–energy
effects which are sharply discarded with a cutoff regular-
ization. It has been introduced in the framework of the
electroweak theory [10–12] and consists in replacing the
dimension of the divergent integrals with a continuous
variable d. The main idea is that, if an integral diverges
in a given integer dimension, the result may be finite
by replacing the integer dimension with a non integer d.
One then performs a kind of analytic continuation in the
dimension to return to the initial integer value [13]. The
dimensional regularization eliminates power–law diver-
2gences, isolates logarithmic divergences and regularizes
infrared divergences [14]. Together with the continuous
variable d, a regulator ǫ (which is dimensionless) is intro-
duced so that, when ǫ→ 0, the dimension of the integral
comes back to the initial integer value. In addition, an
auxiliary scale µ is included to maintain the correct di-
mensions of the physical quantities which are calculated.
After regularization, a renormalization is applied by a
minimal subtraction procedure to remove the regulator
ǫ which appears as a 1/ǫ pole if the divergence is loga-
rithmic. All the physical observables are independent of
the auxiliary scale µ due to the renormalization group
equation µdS/dµ = 0, where S is a generic observable.
After having derived the regularized second–order cor-
rection for the nuclear EoS (wich is now finite and inde-
pendent of the cutoff) we follow the same procedure as
in our previous works [5, 6] and we adjust the corrected
EoS to reproduce a reasonable EoS chosen as a refer-
ence. This time, we generate a unique set of parameters
whereas in the previous works a set of parameters was
found for each value of the cutoff.
The article is organized as follows. In Sec. II the reg-
ularization procedure is presented first for the t0 − t3
model and then for the complete Skyrme interaction. In
the first case more details are provided for the analytical
derivation. For simplicity, only the final expressions are
reported for the second case. In Sec. III the results for
the fit of the parameters are discussed and in Sec. IV
some conclusions and prospectives are summarized.
DIMENSIONAL REGULARIZATION
TECNHIQUE FOR THE SECOND-ORDER EOS
Regularized EoS for symmetric matter: t0 − t3 model
Let us consider the second–order correction beyond the
mean–field EoS in the t0−t3 model for symmetric nuclear
matter [5]. We write its generalized expression where we
introduce a continuous dimension d in the integral and
the auxiliary scale µ. In a box of volume Ω one has,
∆E(ρ)
A
=
6
µ3(d−3)
Ωd−3
(2π)3d
(
−
m∗S
~2
)
g2(ρ)
ρ
∫
dd~q
∫
| ~k1|<kF
| ~k1+~q|>kF
dd ~k1
∫
| ~k2|<kF
| ~k2−~q|>kF
dd ~k2
1
~q2 + ~q · ( ~k1 − ~k2)
, (1)
where kF is the Fermi momentum that we can express in terms of the density ρ, kF (ρ) =
(
3π2
2 ρ
) 1
3
, and m∗S is the
isoscalar effective mass for which we take the mean–field value (as in Ref. [6]). In the simple t0 − t3 model that we
consider here m∗S = m because the velocity-dependent terms of the Skyrme force are missing.
In our case the regulator ǫ can be written in terms of the dimension d as ǫ = 3 − d. When ǫ→ 0, d returns to the
integer value 3.
By making some manipulations and by using the
Schwinger’s proper time representation of Feynman in-
tegrals the following compact expression may be derived,
∆E(ρ)
A
= C˜d(µ) m
∗
S k
3d−5
F g
2(ρ)
∫
CI
dd~q Jd(q). (2)
The coefficient C˜d has the following expression:
C˜d(µ) = −
1
~2
Ωd−3
µ3(d−3)
3π2
(2π)3d
. (3)
We observe that the coefficient Cd is negative. The do-
main of integration in Eq. (2) is (with a rescaling in
momenta):
CI =
[
| ~k1|, | ~k2| < 1; | ~k1 + ~q|, | ~k2 − ~q| > 1
]
. (4)
The integrand in Eq. (2) can be written as
Jd(q) =
∫ ∞
0
dα e−αq
2
[Id(α, q)]
2 , (5)
where
Id(α, q) =
∫
|~k|<1
|~k+~q|>1
dd~k e−α~q·
~k. (6)
In dimension d, all massless integrals are regularized
to zero [14–16]. For instance, it holds:
I =
∫
dd~q
∫
|k1|,|k2|<1
dd ~k1 d
d ~k2
1
q2
= 0. (7)
By rewriting I as the sum of two integrals I1 and I2
(by splitting the integration in two regions),
I1 =
∫
|q|>2
dd~q
∫
|k1|,|k2|<1
dd ~k1 d
d ~k2
1
q2
,
I2 =
∫
|q|<2
dd~q
∫
|k1|,|k2|<1
dd ~k1 d
d ~k2
1
q2
, (8)
the second–order correction reads
3∆E
A
(ρ) = Cd(µ, kF (ρ)) g
2(ρ)
[(∫
|q|>2
dd~q Jd(q) − I1
)
+
(∫
|q|<2
dd~q Jd(q) − I2
)]
= Cd(µ, kF (ρ)) g
2(ρ) [A+B] . (9)
The quantity B is finite for |q| < 2 when d → 3 and one
can show that its value is equal in this case to
64π3
(
59
315
−
46
105
ln 2
)
. (10)
The quantity A may be written as a function of d,
A = π
d
[Γ(1+ d2 )]
2T (d). By using hypergeometric func-
tions [18], after straightforward manipulations one can
write
T (d) =
2d−1π
1− d2
[
4F3
(
1 + d
2
,
1
2
, 1,
2− d
2
; 1 +
d
2
, 1 + d,
4− d
2
; 1
)
− 1
]
, lim
d→3
T (d) = 16π
(
−
23
35
+
36
35
ln 2
)
. (11)
T (d) converges for 0 ≤ d < 4 (with a pole at d = 4)
as shown in Fig. 1. For d = 3 the divergence has been
removed by the regularization procedure (the value of
T (3) is positive and finite).
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FIG. 1. T (d) as a function of the space-dimension d.
By taking d = 3, the mean–field + second–order EoS
finally reads
E
A
(ρ) =
3~2
10 m
(
3π2
2
ρ
) 2
3
+
3
8
ρ g(ρ) + 48 π3C˜ k4F (ρ) m
∗
S g
2(ρ)
(
−11 + 2 ln 2
105
)
, (12)
where C˜ = C˜d=3,
C˜ = C˜d=3 = −
1
~2
3
(2π)7
. (13)
The above result for the regularized second–order correc-
tion coincides with the previous findings of Refs. [8, 9].
After regularization, the dependence on µ of the coeffi-
cient C˜ has disappeared (due to the minimal subtraction
that has been applied). We observe that, as expected,
the power–law divergent terms have been removed and
do not appear in the final expression.
Regularized EoS for symmetric, asymmetric, and
pure neutron matter: full Skyrme interaction
By following the same procedure (by using the prop-
erties of massless integrals in dimension d) as for the
4case t0 − t3, it is possible to regularize the second-order
term also for the full Skyrme case where the velocity–
dependent terms are included. The parameters of the
interaction are nine: t0, t1, t2, t3, x0, x1, x2, x3, and α.
For simplicity, we do not report here the long analytical
derivation and we provide directly the final regularized
expressions for the three specific cases that we are going
to consider in the applications, namely, symmetric, pure
neutron, and asymmetric matter.
The first + second–order EoS for symmetric matter
reads
E
A
(ρ) =
3~2
10m
(
3π2
2
ρ
) 2
3
+
3
8
t0ρ+
1
16
t3ρ
α+1
+
3
80
(
3π2
2
) 2
3
ρ
5
3Θs +
∆ES
A
(ρ), (14)
where
Θs = 3t1 + t2(5 + 4x2), (15)
and the second–order correction is given by:
∆ES
A
(ρ) =
−11 + 2 ln 2
105
χS1 (ρ) +
−167 + 24 ln 2
945
χS2 (ρ) +
−2066 + 312 ln2
31185
χS3 (ρ) +
−9997 + 1236 ln2
62370
χS4 (ρ). (16)
The four density–dependent coefficients χS have the fol-
lowing expressions as a function of the parameters of the
interaction:
χS1 (ρ) = 48 π
3 C˜ m∗S k
4
F (ρ)
(
t203 + x
2
03
)
,
χS2 (ρ) = 64 π
3 C˜ m∗S k
6
F (ρ) (t03 t12 + x03 x12)
χS3 (ρ) = 64 π
3 C˜ m∗S k
8
F (ρ) (t12 x12) ,
χS4 (ρ) = 64 π
3 C˜ m∗S k
8
F (ρ)
(
t212 + x
2
12
)
, (17)
where C˜ has been defined above. The following notation
has been used:
t03 = t0 +
t3
6
ρα,
x03 = t0x0 +
t3x3
6
ρα,
t12 = t1 + t2, x12 = t1x1 + t2x2.
One can notice that each of the four terms in Eq. (15)
has a different kF dependence, the dependence of the
first term being that of the t0 − t3 model. It is easy to
show that the t0 − t3 result for the second–order correc-
tion is recovered by considering the first term where the
parameters x0 and x3 are taken equal to zero.
The beyond mean–field EoS evaluated at second order
for pure neutron matter reads:
E
A
(ρ) =
3~2
10m
(
3π2ρ
) 2
3 +
1
4
t0 (1− x0) ρ+
1
24
(1− x3) t3ρ
α+1
+
3
40
(
3π2
) 2
3 ρ
5
3 (Θs −Θv) +
∆EN
A
(ρ), (18)
where
Θv = t1(2 + x1) + t2(2 + x2). (19)
This time the second–order correction is given by:
∆EN
A
(ρ) =
−11 + 2 ln 2
105
χN1 (ρ) +
−167 + 24 ln 2
2835
χN2 (ρ) +
167− 24 ln 2
5670
χN3 (ρ)
+
461− 24 ln 2
31185
χN4 (ρ) +
−4021 + 516 ln2
124740
χN5 (ρ) (20)
and the five density–dependent coefficients χN are:
χN1 (ρ) = 8 π
3 C˜ m∗N k
4
N (ρ) (t03 − x03)
2
,
χN2 (ρ) = 32 π
3 C˜ m∗N k
6
N (ρ) (t03 t12 + x03 x12) ,
χN3 (ρ) = 64 π
3 C˜ m∗N k
6
N (ρ) (t03 x12 + x03 t12) ,
χN4 (ρ) = 64 π
3 C˜ m∗N k
8
N (ρ) (t12 x12) ,
χN5 (ρ) = 64 π
3 C˜ m∗N k
8
N (ρ)
(
t212 + x
2
12
)
. (21)
In Eq. (21) kN is neutron Fermi momentum, kN (ρ) =
kF (ρ)(1 + δ)
1/3, where δ is the asymmetry parameter
that we can express in terms of the neutron and proton
densities ρN and ρP ,
δ =
ρN − ρP
ρN + ρP
; (22)
5δ = 1 in this case of pure neutron matter; m∗N is the
neutron effective mass (that we take equal to its mean–
field value like in Ref. [6]).
By using the asymmetry parameter δ, the EoS for
asymmetric matter reads:
E
A
(δ, ρ) =
3~2
10m
(
3π2
2
ρ
) 2
3
G5/3 +
1
8
t0ρ[2(2 + x0)− (1 + 2x0)G2] +
1
48
t3ρ
α+1[2(2 + x3)− (1 + 2x3)G2]
+
3
40
(
3π2
2
) 2
3
ρ
5
3
[
ΘvG5/3 +
1
2
(Θs − 2Θv)G8/3
]
+
∆EAS(δ, ρ)
A
, (23)
where
Gβ =
1
2
[(1 + δ)β + (1 − δ)β ]. (24)
The expression for ∆EAS(ρ, δ)/A is reported in Ap-
pendix A.
RESULTS. FIT OF THE PARAMETERS
t0 − t3 model
As in Ref. [5] we use the SkP [17] mean–field EoS as a
reference EoS for the t0 − t3 model and we consider only
symmetric nuclear matter. We plot in Fig. 2 the ref-
erence mean-field EoS for symmetric nuclear matter to-
gether with the first + second–order EoS calculated with
the same parameters (a). In panel (b) only the second-
order corrective term is plotted. One can notice that the
regularized second-order correction is always positive and
has the opposite curvature with respect to the first–order
EoS. This occurs because in the simple t0− t3 model the
second–order term is just proportional to the square of
the coupling constant g and the multiplying factor is pos-
itive because the coefficient C3 is negative (see Eq. (12)).
The second–order correction has its maximum value (due
to the change of curvature, the second-order term has a
maximum) around the equilibrium density for matter.
The corrected EoS is strongly modified with respect to
the mean–field EoS calculated with the same parameters
and, in particular, the curvature is changed because the
second–order correction is dominant. Due to the differ-
ence of curvature it turns out that the adjustment of the
corrected EoS to a reasonable reference EoS (we have
chosen the SkP mean–field EoS as a reference) is not fea-
sible: The minimization of a χ2 does not lead to any
result and this means that the parameters cannot be ad-
justed in this case. We have checked that a fit would be
possible only in some windows of density at large values,
well beyond the saturation density.
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FIG. 2. Colors online. (a) SkP mean–field EoS (full line)
and mean–field + second–order EoS calculated with the SkP
parameters (dashed line) for the t0 − t3 model in symmetric
matter. (b) Second-order correction.
Full Skyrme interaction
In the case of the full Skyrme interaction the reference
mean–field EoS (on which the fit is performed) has been
evaluated with the parametrization SLy5 [19] as in Ref.
[6]. All the nine parameters of the interaction are kept
free in the fitting procedure. We have first performed sep-
arate fits for the single cases of symmetric, asymmetric
and pure neutron matter. As an illustration, we present
in what follows the results corresponding to symmetric
and pure neutron matter. Then, we have performed some
simultaneous fits that will be presented in the last part
of this section. The following χ2 is minimized:
χ2 =
1
N − 1
N∑
i=1
(Ei − Ei,ref )
2
∆E2i
. (25)
The number N of fitted points is 15 and the errors ∆Ei
are chosen equal to 1% of the reference SLy5 mean-field
energies Ei,ref . The points are in the range of densities
between 0.02 to 0.30 fm−3. In the case of the simultane-
ous fit of symmetric and pure neutron matter the points
6are in the range of densities between 0.1 and 0.3 fm−3.
Symmetric matter.
The corrected second–order EoS is plotted in Fig. 3
together with the reference mean–field EoS. We can ob-
serve that the correction is extremely large also in this
case but the curvature is not modified with respect to the
mean–field EoS. This is due to the analytical expression
of the second-order correction (in this case there is no a
simple dependence on the square of a coupling constant
as in the t0 − t3 model). The number of parameters is
large enough to perform successfully the fit.
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FIG. 3. (Color online) SLy5 mean–field EoS (full line) and
mean–field + second–order EoS calculated with the SLy5 pa-
rameters (dashed line) for symmetric matter.
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FIG. 4. (Color online) SLy5 mean–field EoS (full line) and
refitted second–order EoS (dashed line) for symmetric matter.
The results of the fit are shown in Fig. 4 and the cor-
responding second–order pressure and incompressibility
(that are not directly constrained by the fit) are displayed
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FIG. 5. (Color online) (a) Mean–field SLy5 pressure (full
line) and second–order pressure obtained with the refitted pa-
rameters of Table I (dashed line). (b) Same as in (a) but for
the incompressibility.
in Fig. 5. In particular, the incompressibility value at
saturation density is equal to 229.5 MeV. The parame-
ters and the corresponding χ2 value are reported in Table
I (third line). The quality of the fit is extremely good as
one can deduce by the figures and by the small value of
the corresponding χ2. We have then performed a final
check with the refitted parameters: we have computed
the symmetry energy aδ by using the second derivative of
the second–order EoS for asymmetric matter. We have
been obtained aI = 1643.3 MeV that is very far from
the range of acceptable values. For this reason, we have
added in the fitting precedure an additional constraint on
the value of the symmetry energy (by using as a reference
the mean–field SLy5 value). We do not present here the
corresponding plots because they are very similar to Figs.
4 and 5 (the incompressibility value at saturation density
is now equal to 228.5 MeV). We report in the fourth line
of Table I the new parameters. We observe that the value
of χ2 is larger than in the previous fit indicating that the
inclusion of the new constraint slightly deteriorates the
quality of the fit that is still anyway extremely good. The
symmetry energy is now equal to 32.03 MeV (equal to the
mean-field SLy5 value).
Neutron matter. The mean–field SLy5 EoS and the second-order EoS
7TABLE I. Parameter sets obtained in the fit of the EoS of symmetric matter compared with the original set SLy5. In the last
column the χ2 values are shown. In the last line the parameters correspond to the fit where an additional constraint on the
symmetry energy value is added.
t0 t1 t2 t3 x0 x1 x2 x3 α χ
2
(MeV fm3) (MeV fm5) MeV fm5) (MeV fm3+3α)
SLy5 -2484.88 483.13 -549.40 13763.0 0.778 -0.328 -1.0 1.267 0.16667 –
New -2510.87 20239.43 -897.06 -1176280.24 0.065 -1.272 -21.775 -0.656 0.663 3.5×10−7
NewaI -3401.65 28666.59 -970.62 -1938032.85 0.330 -1.563 -24.078 -0.819 0.666 4.6×10
−3
(calculated with the SLy5 parameters) are plotted in Fig.
6 for pure neutron matter. The χ2 minimizaton provides
the result that is displayed in Fig. 7 and the correspond-
ing parameters are given in Table II. Also in this case
the quality of the fit is extremely good (the value of the
corresponding χ2 is very small).
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FIG. 6. (Color online) SLy5 mean–field EoS (full line) and
mean–field + second–order EoS calculated with the SLy5 pa-
rameters (dashed line) for neutron matter.
TABLE II. Parameter sets obtained in the fit of the EoS of pure neutron matter compared with the original set SLy5. In the
last column the χ2 value is shown.
t0 t1 t2 t3 x0 x1 x2 x3 α χ
2
(MeV fm3) (MeV fm5) MeV fm5) (MeV fm3+3α)
SLy5 -2484.88 483.13 -549.40 13763.0 0.778 -0.328 -1.0 1.267 0.16667 –
New -3287.287 2038.711 -459.159 109814.050 0.706 -1.645 -3.861 3.127 0.656 1.15×10−4
Global fits
We have first tried as in our previous work [6] to per-
form a global fit by including simultaneously symmetric,
pure neutron matter, and also a case of asymmetric mat-
ter. It turns out that the minimization of the χ2 in this
case does not provide any result. We have thus performed
global fits by including only two equations of state.
In Fig. 8 we present the global fit performed by con-
sidering together symmetric and pure neutron matter.
The parameters are given in Table III and the resulting
pressure and incompressibility are plotted in Fig. 9. The
incompressibility value at saturation density is equal this
time to 252.18 MeV. The χ2 value is larger than in the
previous cases indicating that the quality of the fit has
been deteriorated (but it still remains reasonably good).
This can be seen also by looking at the plotted curves.
We have computed also in this case the symmetry en- ergy (by using the second–order EoS for asymmetric mat-
8TABLE III. Parameter sets obtained in the fit of the EoS of symmetric and pure neutron matter compared with the original
set SLy5. In the last column the χ2 value is shown.
t0 t1 t2 t3 x0 x1 x2 x3 α χ
2
(MeV fm3) (MeV fm5) MeV fm5) (MeV fm3+3α)
SLy5 -2484.88 483.13 -549.40 13763.0 0.778 -0.328 -1.0 1.267 0.16667 –
New -460.73 10403.66 -8485.73 -141558.6 1.460 -0.681 -0.641 -0.779 0.650 0.202
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FIG. 7. (Color online) SLy5 mean–field EoS (full line) and
refitted second–order EoS (dashed line) for neutron matter
(parameters of Table II).
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FIG. 8. (Color online) (a) SLy5 mean–field (full line) and re-
fitted (dashed line) EoS for symmetric matter. (b) Same as in
(a) but for neutron matter. The results are obtained by fitting
simultaneously symmetric and neutron matter (parameters of
Table III).
ter) with the parameters of Table III and obtained the
value of -7.5 MeV that is not acceptable. We have par-
tially succedeed this time in adding also a constraint on
the value of the symmetry energy: what we have found
with this last fit is a value of 32.7 MeV for the symmetry
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FIG. 9. (Color online) (a) Mean–field SLy5 pressure (full
line) and second–order pressure obtained with the refitted
parameters (dashed line). (b) Same as in (a) but for the
incompressibility. The results are obtained by fitting simulta-
neously symmetric and neutron matter (parameters of Table
III).
energy and a value of 310.74 MeV for the incompressibil-
ity at the saturation point. However, the associated χ2 is
equal to 4.49, that indicates that the fit is much less good
than in the previous cases. The fitted curves (we do not
show the curves and the parameters for this case) are of
much lower quality than for the other fits. We conclude
that the global fit that includes symmetric and pure neu-
tron matter does not provide satisfactory results: either
it does not lead to a reasonable value for the symmetry
energy or it is of quite low quality (when the constraint
on the symmetry energy is explicitly introduced).
We have performed a new global fit by disregarding the
case of pure neutron matter and by considering together
symmetric and asymmetric matter (with δ = 0.5). The
results are shown in Fig. 10 and the parameters are listed
in Table IV.
The pressure and incompressibility values are plotted in Fig 11 (the incompressibility at saturation is equal to
9TABLE IV. Parameter sets obtained in the fit of the EoS of symmetric and asymmetric matter compared with the original
set SLy5. In the last column the χ2 value is shown. In the last line the parameters correspond to the fit where an additional
constraint on the symmetry energy value has been added.
t0 t1 t2 t3 x0 x1 x2 x3 α χ
2
(MeV fm3) (MeV fm5) MeV fm5) (MeV fm3+3α)
SLy5 -2484.88 483.13 -549.40 13763.0 0.778 -0.328 -1.0 1.267 0.16667 –
New -1653.09 10346.70 -698.66 -784064.9 0.716 -1.715 -14.9 -0.697 0.667 1.337
NewaI -1656.03 10526.54 -727.53 -795583.4 0.729 -1.783 -14.7 -0.725 0.667 1.341
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FIG. 10. (Color online) (a) SLy5 mean–field (full line) and
refitted (dashed line) EoS for symmetric matter. (b) Same
as in (a) but for neutron matter. The results are obtained
by fitting simultaneously symmetric and asymmetric matter
with δ = 0.5 (parameters of Table IV).
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FIG. 11. (Color online) (a) Mean–field SLy5 pressure (full
line) and second–order pressure obtained with the refitted pa-
rameters (dashed line). (b) Same as in (a) but for the incom-
pressibility. The results are obtained by fitting simultaneously
symmetric and asymmetric matter with δ = 0.5 (parameters
of Table IV).
233.8 MeV). The symmetry energy is equal to 24.9 MeV.
If we include in the fitting procedure an additional con-
straint on the symmetry energy value we obtain curves
that are very similar to those already shown in Fig. 10,
a value for the incompressibility at the saturation point
equal to 233.9 MeV and a value for the symmetry energy
equal to 32.00 MeV. The corresponding new parameters
are reported in the last line of Table IV and are not very
different with respect to the previous set that is shown
in the line above.
CONCLUSIONS
In the present work we have regularized the second–
order divergent term of the EoS of nuclear matter eval-
uated with a zero–range Skyrme interaction. The di-
mensional regularization technique has been used. Ap-
plications of this technique to symmetric matter within
a t0 − t3 model and to different types of matter with the
full Skyrme interaction have been presented. In particu-
lar, for this last case, it has been shown that a fit of the
regularized EoS to a reference EoS is possible. Symmet-
ric, pure neutron and asymmetric matter can be repro-
duced separately. It is also shown that simultaneous fits
of symmetric and neutron matter or of symmetric and
asymmetric (with δ = 0.5) matter can be done. It has
been verified that particular attention must be payed to
generate sets of parameters that lead to reasonable val-
ues of the symmetry energy at the second order. For
this, an additional constraint on the value of the sym-
metry energy can be added and satisfactory results are
found in this way in the cases where symmetric matter or
symmetric and asymmetric matter (simultaneously) are
fitted.
These encouraging results open new prospectives for
future applications of dimensional regularized Skyrme-
type effective interactions adjusted at a beyond mean-
field level. These interactions would be well adapted
to be used in the framework of beyond mean–field ap-
proaches for finite nuclei.
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APPENDIX A
Let us define the parameters a, b, and c:
a =
kP
kN
=
(
1− δ
1 + δ
)1/3
,
b =
m∗S
m∗N
, (26)
c =
m∗S
m∗P
,
where kP and m
∗
P are the proton Fermi momentum and the proton effective mass, respectively. For asymmetric
matter, the beyond-mean-field equation of state evaluated at the second-order is given by:
∆EAS
A
(δ, ρ) =
6∑
i=1
χASi (ρ, δ) Ii(ρ, δ)
where the six density-dependent coefficients χAS(ρ, δ) and the factors Ii(ρ, δ) are given by:
χAS1 (ρ, δ) = 8 π
3 C˜ m∗S k
4
N (ρ, δ)
(
t203 + x
2
03
)
,
χAS2 (ρ, δ) = −16 π
3 C˜ m∗S k
4
N (ρ, δ) (t03 x03) ,
χAS3 (ρ, δ) = 32 π
3 C˜ m∗S k
6
N (ρ, δ) (t03 t12 + x03 x12) ,
χAS4 (ρ, δ) = 64 π
3 C˜ m∗S k
6
N (ρ, δ) (t03 x12 + x03 t12) ,
χAS5 (ρ, δ) = 64 π
3 C˜ m∗S k
8
N (ρ, δ) (t12 x12) ,
χAS6 (ρ, δ) = 64 π
3 C˜ m∗S k
8
N (ρ, δ)
(
t212 + x
2
12
)
,
I1 =
−11 + 2 ln 2
105
(
1
b
+
a7
c
)
+ 4S1,
I2 =
−11 + 2 ln 2
105
(
1
b
+
a7
c
)
− 2S1,
I3 =
−167 + 24 ln 2
2835
(
1
b
+
a9
c
)
+ 8S2,
I4 =
167− 24 ln 2
5670
(
1
b
+
a9
c
)
+ 2S2,
I5 =
461− 24 ln 2
31185
(
1
b
+
a11
c
)
+ 8S3,
I6 =
−4021 + 516 ln 2
124740
(
1
b
+
a11
c
)
+ 8S3.
The dependence on δ of the quantities Ii is contained on the parameters a, b, and c. By using the dimensional
regularization technique with the minimal subtraction method, S1, S2 and S3 result:
S1 =
1
(bc)3
[
1
15
∫ a
0
u F abc1 (u) du+
1
15
∫ 1
a
u F abc3 (u) du+ T1(a, b, c)
]
,
S2 =
1
(bc)3
[
1
15
∫ a
0
u3 F abc1 (u) du+
1
15
∫ 1
a
u3 F abc3 (u) du+ T2(a, b, c)
]
,
S3 =
1
(bc)3
[
1
15
∫ a
0
u5 F abc1 (u) du+
1
15
∫ 1
a
u5 F abc3 (u) du+ T3(a, b, c)
]
.
The integrals are calculated numerically. The expressions for the functions F abc1 and F
abc
3 are provided in Ref. [6]
and the expressions for T1(a, b, c), T2(a, b, c) and T3(a, b, c) are,
T1(a, b, c) = −
abc
420
(
16 + 88b2 + b4 + 88a2c2 + 22a2b2c2 + a4c4
)
+
1
3360
(2− b− ac)4(−8− 16b+ 8b2 + b3 − 16ac
− 40abc− 4ab2c+ 8a2c2 − 4a2bc2 + a3c3) ln(2− b− ac) +
1
3360
(2 + b− ac)4(8 − 16b− 8b2 + b3 + 16ac− 40abc
+ 4ab2c− 8a2c2 − 4a2bc2 − a3c3) ln(2 + b− ac)−
1
3360
(2− b+ ac)4(−8− 16b+ 8b2 + b3 + 16ac+ 40abc
+ 4ab2c+ 8a2c2 − 4a2bc2 − a3c3) ln(2− b+ ac)−
1
3360
(2 + b+ ac)4(8 − 16b− 8b2 + b3 − 16ac+ 40abc− 4ab2c
− 8a2c2 − 4a2bc2 + a3c3) ln(2 + b+ ac)
11
T2(a, b, c) = −
1
45360
abc
(
1344 + 6096b2 + 12b4 + 3b6 + 6096a2c2 + 136a2b2c2 + 237a2b4c2 + 12a4c4 + 237a4b2c4 + 3a6c6
)
+
1
120960
(2 − b− ac)4(−224− 448b+ 160b2 + 40b3 + 8b4 + b5 − 448ac− 1120abc− 240ab2c− 40ab3c
− 4ab4c+ 160a2c2 − 240a2bc2 − 96a2b2c2 − 17a2b3c2 + 40a3c3 − 40a3bc3 − 17a3b2c3 + 8a4c4 − 4a4bc4
+ a5c5) ln(2− b− ac) +
1
120960
(2 + b− ac)4(224− 448b− 160b2 + 40b3 − 8b4 + b5 + 448ac− 1120abc
+ 240ab2c− 40ab3c+ 4ab4c− 160a2c2 − 240a2bc2 + 96a2b2c2 − 17a2b3c2 − 40a3c3 − 40a3bc3 + 17a3b2c3
− 8a4c4 − 4a4bc4 − a5c5) ln(2 + b− ac)−
1
120960
(2− b+ ac)4(−224− 448b+ 160b2 + 40b3 + 8b4 + b5
+ 448ac+ 1120abc+ 240ab2c+ 40ab3c+ 4ab4c+ 160a2c2 − 240a2bc2 − 96a2b2c2 − 17a2b3c2 − 40a3c3
+ 40a3bc3 + 17a3b2c3 + 8a4c4 − 4a4bc4 − a5c5) ln(2− b + ac)−
1
120960
(2 + b+ ac)4(224− 448b− 160b2 + 40b3
− 8b4 + b5 − 448ac+ 1120abc− 240ab2c+ 40ab3c− 4ab4c− 160a2c2 − 240a2bc2 + 96a2b2c2 − 17a2b3c2 + 40a3c3
+ 40a3bc3 − 17a3b2c3 − 8a4c4 − 4a4bc4 + a5c5) ln(2 + b + ac)
T3(a, b, c) = −
1
3991680
abc(96768 + 393792b2+ 240b4 + 60b6 + 15b8 + 393792a2c2 + 2208a2b2c2 + 2180a2b4c2 + 2820a2b6c2
+ 240a4c4 + 2180a4b2c4 + 7770a4b4c4 + 60a6c6 + 2820a6b2c6 + 15a8c8) +
1
10644480
(2− b− ac)4(−16128
− 32256b+ 8960b2 + 2800b3 + 800b4 + 200b5 + 40b6 + 5b7 − 32256ac− 80640abc− 22400ab2c− 5600ab3c
− 1200ab4c− 200ab5c− 20ab6c+ 8960a2c2 − 22400a2bc2 − 12800a2b2c2 − 4600a2b3c2 − 1160a2b4c2 − 170a2b5c2
+ 2800a3c3 − 5600a3bc3 − 4600a3b2c3 − 1840a3b3c3 − 375a3b4c3 + 800a4c4 − 1200a4bc4 − 1160a4b2c4 − 375a4b3c4
+ 200a5c5 − 200a5bc5 − 170a5b2c5 + 40a6c6 − 20a6bc6 + 5a7c7) ln(2− b− ac)
+
1
10644480
(2 + b− ac)4(16128− 32256b− 8960b2 + 2800b3 − 800b4 + 200b5 − 40b6 + 5b7 + 32256ac− 80640abc
+ 22400ab2c− 5600ab3c+ 1200ab4c− 200ab5c+ 20ab6c− 8960a2c2 − 22400a2bc2 + 12800a2b2c2 − 4600a2b3c2
+ 1160a2b4c2 − 170a2b5c2 − 2800a3c3 − 5600a3bc3 + 4600a3b2c3 − 1840a3b3c3 + 375a3b4c3 − 800a4c4 − 1200a4bc4
+ 1160a4b2c4 − 375a4b3c4 − 200a5c5 − 200a5bc5 + 170a5b2c5 − 40a6c6 − 20a6bc6 − 5a7c7) ln(2 + b− ac)
−
1
10644480
(2 − b+ ac)4(−16128− 32256b+ 8960b2 + 2800b3 + 800b4 + 200b5 + 40b6 + 5b7 + 32256ac
+ 80640abc+ 22400ab2c+ 5600ab3c+ 1200ab4c+ 200ab5c+ 20ab6c+ 8960a2c2 − 22400a2bc2 − 12800a2b2c2
− 4600a2b3c2 − 1160a2b4c2 − 170a2b5c2 − 2800a3c3 + 5600a3bc3 + 4600a3b2c3 + 1840a3b3c3 + 375a3b4c3
+ 800a4c4 − 1200a4bc4 − 1160a4b2c4 − 375a4b3c4 − 200a5c5 + 200a5bc5 + 170a5b2c5 + 40a6c6 − 20a6bc6
− 5a7c7) ln(2 − b+ ac)−
1
10644480
(2 + b+ ac)4(16128− 32256b− 8960b2 + 2800b3 − 800b4 + 200b5 − 40b6
+ 5b7 − 32256ac+ 80640abc− 22400ab2c+ 5600ab3c− 1200ab4c+ 200ab5c− 20ab6c− 8960a2c2 − 22400a2bc2
+ 12800a2b2c2 − 4600a2b3c2 + 1160a2b4c2 − 170a2b5c2 + 2800a3c3 + 5600a3bc3 − 4600a3b2c3 + 1840a3b3c3
− 375a3b4c3 − 800a4c4 − 1200a4bc4 + 1160a4b2c4 − 375a4b3c4 + 200a5c5 + 200a5bc5 − 170a5b2c5 − 40a6c6
− 20a6bc6 + 5a7c7) ln(2 + b+ ac)
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